This paper considers a large class of non-stationary random fields which have fractal characteristics and may exhibit long-range dependence. Its motivation comes from a Lipschitz-Holder-type condition in the spectral domain.
Introduction
A random field {X(t), t € 31"} is said to exhibit long-range dependence (LRD) if its 'spectral density' has the form
where /»(&>) is slowly varying as co -»• 0. The spectral density has an integrable pole at the origin when /S < 1/2 with the characteristic effect that the covariance function of X (t) decays to zero at a very slow rate. The phenomenon of LRD has now been observed in a large number of different areas including hydrology, geophysics, agriculture, meteorology, economics and telecommunications. A good perspective on the occurrence of LRD is given in Hampel (1987) . Modelling LRD in a space-time context is attempted in Haslett and Raftery (1989) . A recent survey on statistical methods for data with LRD is presented in Beran (1992) . Central limit theorems for LRD processes and fields are different from the classical theorems, so that standard results of statistical inference do not hold. Recent works on statistical inference of random fields with LRD include Heyde and Gay (1993) , Anh and Lunney (1995) . With /»(a>) equal to a constant in (1.1), the random field is identified as 1// noise (or flicker noise) in signal and image processing, where / stands for frequency. 1// noise is known to display fractal characteristics (partially meaning that its Hausdorff dimension is strictly greater that the topological dimension), and has been used to model natural phenomena (such as terrain, clouds, water) and texture data (see Mandelbrot and van Ness (1968) , Wornell (1993) and Anh et al. (1994) , for example).
For ft > 1/2 the 'spectral density' is not integrable, suggesting that 1// noise can have infinite variance; hence it may not be second-order stationary and, as a result, may not have a spectral density in the usual sense. This is the difficulty noted in Mandelbrot and van Ness (1968) where an approach was attempted to define a 'spectral density' of fractional Brownian motion (fBm). A more precise concept of spectral density of fBm based on a time-frequency analysis was given in Flandrin (1989) . Solo (1992) presents another approach to define a spectral density for the larger class of intrinsic random functions of order zero. It should be noted that a similar approach was given in Anh and Lunney (1991) for asymptotically stationary random fields (see their Theorem 1).
In this paper, we study the spectral representation and spectral density of a large class of non-stationary random fields using the tools of generalised harmonic analysis as developed in Beurling (1964) , Henniger (1970), Anh and Lunney (1992) . These random fields may exhibit LRD and have fractal characteristics, hence can be used to model fractal phenomena. Furthermore, a fractal index can be defined and used in the role of fractal dimension of these random fields. In order to motivate the consideration of these random fields, let us briefly recall some concepts relating to fractals.
A random field {X(t), t e 2V} is said to satisfy a uniform Lipschitz-Holder condition of order a in a domain D of 51" if there exists a constant A such that, for every t,t + heD and \\h\\ small enough, A specific example of an index-/? field is the isotropic fractional Brownian field (ffif), which is characterised by
fBf is known to be fractal and exhibit LRD. As shown in Adler (1981) , p. 204, the Hausdorff dimension of the graph of an index-/} field is
To our knowledge, apart from fBf, a spectral analysis has not been attempted for random fields which satisfy the Lipschitz-Holder condition (1.2) or a subclass such as that of index-/? fields. In this paper, we shall give a spectral theory for a large class of random fields which satisfy a kind of Lipschitz-Holder condition in the spectral domain. Let B r (x) denote the ball of radius r with centre at x. A positive a-finite Borel measure /z onX" is said to be locally uniformly a-dimensional, 0 < a < n, if (1.5) n(B r (x)) < Cr", 0 < r < 1, Vx e 51". Strichartz (1990) showed that if /x is such a measure, then there exists C\ > 0 such that ( Here, the scaling exponents a, are allowed to be different for each j . This is useful in practice, where fractal characteristics of the random field may be distinct in different directions. As will be seen later, these random fields may also display LRD. The class defined by (1.7) generalises the class SB of non-stationary random fields studied in Ann and Lunney (1992), which corresponds to a = 0. It is noted that, by definition, the class SS contains the class of asymptotically stationary random fields, which in turn contains the well-known class of harmonizable random fields. Fractal measures of the form (1.5) and (1.6) were investigated extensively in Lau (1992) and Lau and Wang (1993) . In this paper, we develop a spectral theory for random fields defined by condition (1.7). In particular, a useful characterisation of these random fields is given in Section 2. Their spectral representation and fractal index are developed in Section 3. Section 4 gives a definition of the covariance function and spectral density of these fields. These concepts are useful in multifractal analysis of random fields with LRD. This application together with empirical results to back up the theory is reported in Ann and Lunney (1995).
Fractional random fields
Let T = (T u ... , T n ), € = ( € , , . . . , €"), a = ( a , , . . . , a n ) with 7} > 0, e,-> 0,
We define the class of random fields
Since Tj ~a > < Tj for each j , we have Hence,
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700000550
The norm of the class 38 a is denned as [5] I/2
The equivalent of 38 a for n = 1 is the class of stochastic processes
where 0 < a < 1. A characterisation condition for this class is given by the following
loc (K). Then X(t) e 9S\ if and only if
Furthermore, there exist constants k\, k 2 independent ofX such that
PROOF. We follow the method of Henniger (1970). We first note that, by integration by parts, (2.5) . Hence for 0 < n < 1/2,
For the last term in (2.5), we have
where ^ = /i 1 + a , 0 < j6 < (l/2) 1 + a . The function -0 log /? is maximized at ^ = l/e and 0 < l/e < (l/2) We can assume that T o > 2. Take \x = l/T 0 . Then 0 < /J. < 1/2 and the last term of (2.5) is greater than (2.11) 27 0 Hence we may take k\ = 1/V2 in (2.4). 
Spectral representation and fractal index
In this section, we obtain a spectral representation and a characterisation of the spectral measure of fractional random fields in the class 3b•".
We first consider W = [w : 2V -> 31; w(t) > 0 non-increasing in |f |, w(t)dt < oo and <w(0) = \imw(t) < oo}.
Define the norm in W as for some constant c; that is,
THEOREM (Beurling). (i) & 0 = B = A*, where A* is the dual of A in the Banach space sense; (ii) each linear functional X on A has the form X(<p) = f^ (p(t)Y(t) dt for a unique Y in B and
\\X\\ A .= sup L
<p(t)Y(t)dt
X(t) I e' { '- x) dx G L\dt).
JC(e,a)
Its Fourier transform is then
The quantity Z Of (X) is called the generalised Fourier transform ofX(t).
We now put
Then, for a fixed e, 
= [ <p(X)Z(dX).
[12] [13] We now want to show that X(t, e) = / Xn e~i (lu) Z{du) as e ->• 0. In fact, put Consequently, in view of the dominated convergence theorem, we get
so that By the definition of Stieltjes integrals, we can write
But the right-hand side of (3.16) is equal to lim € _ 0 /*" e"' ( ' x) Z e , o (A)/ V l+or (e)rfl by (3.8) and (3.9) . Thus, as e ->• 0, e, 1 + a ',..., k n -e^) = Z e , o (X).
This result and (3.15) yields (3.17) Î n view of (3.13), (3.14) and (3.17), we get, as € -» 0,
Denoting the right-hand side of (3.18) Throughout this paper, inequality on X" means componentwise inequality; that is, for* = (*,,...,*"), y = 0>i,...,yJ eX", x < y (respectively* > y) if and only if *, < y, (respectively*, > y,),
In view of Theorem 3, let a 0 = ( a°, . . . , a°n) = sup I ( a , , . . . , a n ) :
l+a (e) Jx* ' J It follows that, if a 0 exists, then it can be defined as the fractal index of X(t). In the one-dimensional case, this number corresponds to the Hausdorff dimension of X(t) and it has been found useful in studying the multiscaling behaviour of LRD time series in Anh and Lunney (1994).
Spectral density of fractional random fields
Section 3 defines the spectral measure Z{dk) of a random field X(t) in SS a and establishes its spectral decomposition. This section will give a definition of the covariance function and spectral density of X(t) e 8 § a . For this purpose, we assume that
Denote this limit by R(k). Then it will be shown below that
\Z ( REMARK 1. The spherical form of (4.3) was obtained in Lau (1992) , Theorem 3.1, where the integral with respect to t is taken over the ball of radius T and centre 0. The result is therefore more suitable to isotropic random fields with uniform fractal characteristics in all directions. The method of proof is inevitably different from the method of this paper. 
